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Abstract. Let X and Y be smooth and projective varieties over a field k 
finitely generated over Q, and let X and Y be the varieties over an algebraic 
closure of k obtained from X and Y, respectively, by extension of the ground 
field. We show that the Galois invariant subgroup of Br(A) ©Br(Y) has finite 
index in the Galois invariant subgroup of Br(A X Y). This implies that the 
cokernel of the natural map Br(A) © Br(K) — > Br(A X Y) is finite when A: is a 
number field. In this case we prove that the Brauer— Manin set of the product 
of varieties is the product of their Brauer-Manin sets. 

Let k be a field with a separable closure k, T = Aut(fc/fe). For an algebraic 
variety X over k we write X for the variety over k obtained from X by extending 
the ground field. Let Br(A) be the cohomological Brauer-Grothendieck group 
H? t (A, G m ), see [4]. The group Br(A) is naturally a Galois module. The image 
of the natural homomorphism Br(X) — > Br(X) lies in Br(A) r ; the kernel of this 
homomorphism is denoted by Bri(X), so that Br(X)/Bri(X) is a subgroup of 
Br(A) r . Recall that Br(X) and Br(X) are torsion abelian groups whenever X is 
smooth, see [4] II, Prop. 1.4]. 

Theorem A Let k be a field finitely generated over Q. Let X and Y be smooth, 
projective and geometrically integral varieties over k. Then the cokernel of the 
natural infective map 

Br(X) r © Br(F) r -> Br(X x F) r 

is finite. 

See Theorem [XT] for an analogue in characteristic p ^ 2. The proof uses the results 
of Faltings and the second named author on Tate's conjecture for abelian varieties. 

Let k be a field finitely generated over its prime subfield. We proved in our 
previous paper [T3] that Br(X) r is finite when X is an abelian variety and char(fc) ^ 
2, or X is a K3 surface and char(fc) = 0. As a corollary we obtain that if Z is a 
smooth and projective variety over k such that Z is birationally equivalent to a 
product of curves, abelian varieties and K3 surfaces, then the groups Br(Z) r and 
Br(Z)/Bri(Z) are finite. 

The following result easily follows from Theorem A, see Section 2) 
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Theorem B Let k be a field finitely generated over Q. Let X and Y be smooth, 
projective and geometrically integral varieties over k. Assume that {X x Y){k) ^ 
or H 3 (/c, k*) = 0. Then the cokernel of the natural map 

Br(X) 8 Br(Y) -> Brpf x Y) 

is finite. 

Now let k be a number field. In this case H 3 (fc, k*) = 0, see [9l Cor. 1.4.21], 
so by Theorem B the Brauer group Br (A x Y) is generated, modulo the image of 
Br(X) © Br(y), by finitely many elements. The following result shows that these 
elements do not give any new Brauer-Manin conditions on the adelic points of 
X x Y besides those already given by the elements of Br(A) © Br(Y). For the 
definition of the Brauer-Manin set A(A/j) Br we refer to [T21 Section 5.2]. 

Theorem C Let X and Y be smooth, projective, geometrically integral varieties 
over a number field k. Then we have 

(X x Y)(A,) Br = A(A fe ) Br x F(A fc ) Br . 

The key topological fact behind our proof of Theorem C is this: for any path- 
connected non-empty CW-complexes X and Y, and any commutative ring R with 
1 there is a canonical isomorphism 

H 2 {X xY,R) = H 2 {X, R) © H 2 (Y, R) © (H 1 (X, R) (& R H 1 (F, R)) . 

See Proposition 12.21 for this exercise in algebraic topology. (This formula does not 
generalise to the third cohomology group, see Remark 12.31 ) The proof of Theorem 
C uses Theorem l2.6l that gives a similar result for the etale cohomology of connected 
varieties over k. 

T. Schlank and Y. Harpaz, using etale homotopy of Artin and Mazur, recently 
proved a statement similar to our Theorem C where the Brauer-Manin set is re- 
placed by the etale Brauer-Manin set. In their result the varieties X and Y do not 
need to be proper, see [TTJ Cor. 1.3]. 

The first named author thanks the University of Tel Aviv, where a part of this 
paper was written, for hospitality. He is grateful to J.-L. Colliot-Thelene, B. Kahn 
and A. Pal for useful discussions. 

1. Preliminaries 

1.1. Notation and conventions. In this paper 'almost all' means 'all but finitely 
many'. If B is an abelian group, we write -Btors for the torsion subgroup of B. Let 
B/tors := B/ Btors- If t is a prime, then B{€) is the subgroup of -Btors consisting of 
the elements whose order is a power of £, and £?(non— t) is the subgroup of Btors 
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consisting of the elements whose order is not divisible by £. If m is a positive integer, 
then B m is the kernel of the multiplication by m in B. 

1.2. Tate modules. Let us recall some useful elementary statements that are due 
to Tate [lUIlB]. Let B be an abelian group. The projective limit of the groups Bgn 
(where the transition maps are the multiplications by £) is called the ^-adic Tate 
module of B, and is denoted by Tg(B). This limit carries a natural structure of a 

-module; there is a natural injcctivc map Tg(B)jt Bg. One may easily check 
that Tt(B)t — 0, and hence Te(B) is torsion-free. 

Let us assume that Bi is finite. Then all the B^ are obviously finite, and Ti(B) 
is finitely generated by Nakayama's lemma. Therefore, Tg(B) is isomorphic to Z£ 
for some non-negative integer r < dmif f (Bi). Moreover, Te(B) = if and only 
if B(t) is finite. We denote by Vt{B) the Q £ -vector space T t {B) ® Ze Q e . Clearly, 
V e (B) = if and only if B{1) is finite. 

If A is an abelian variety over a field k, and I is a prime different from char(fc), 
n = l % , then we write A n for the kernel of multiplication by n in A{k). The group 
A n is a free Z/n-module of rank 2dim (A) equipped with the natural structure of a 
L-module [10]. We write T t (A) for T t (A(k)), and Vt(A) for Ve(A(jfc)), respectively. 
The Qg -vector space Ve(A) has dimension 2dim (A) and carries the natural structure 
of a L-modulc. 

1.3. The Kummer sequence and the Picard variety. Let X be a smooth, 
projective and geometrically integral variety over k. For a positive integer n coprime 
to char(fc) we have the Kummer exact sequence of sheaves of abelian groups in etale 
topology: 

0->|%4 G m -> G m -> 0. 

Recall that H| t (JC, G m ) = Pic(X). Thus the Kummer sequence gives rise to an 
isomorphism of F-modules 

(1) Hl t (X, Mn )=Pic(X)„. 

Let Pic°(X) be the T-submodule of Pic (X) consisting of the classes of divisors al- 
gebraically equivalent to 0. By definition, the Neron-Severi group of X is the quo- 
tient L-modulc NS (X) = Pic (X) /Pic (X). The abelian group NS (X) is finitely 
generated by a theorem of Neron and Severi. 

Let A be the Picard variety of X, see [7]. Then A is an abelian variety over k 
such that the L-module A(k) is identified with Pic (X). Since the multiplication 
by n is a surjective endomorphism of A, we have an exact sequence of L-modules 



(2) 



-> A n -> Pic (X)„ ->• NS (X) n -> 0. 
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Setting n — £ m , where t ^ char(fc) is a prime, we deduce from (p} and ((2]) a 
canonical isomorphism of T-modules 

(3) H| t (X, Z,(l)) = T,(A) = T,(Pic (X)). 

In particular, this is a free Z^-modulc of hnitc rank. 

Again, by surjectivity of the multiplication by l m on A(k) — Pic°(X) we obtain 
from the Kummcr sequence the following exact sequence of T-modules 

(4) -> NS (X)/£ m -> H? t (X, -> Br(X)^ -+ 0. 

Passing to the projective limit in m gives rise to the well known exact sequence 

(5) -> NS (X) <g> Z e H? t (X,Z f (l)) ->• T £ (Br(X)) -> 0. 

It shows that the torsion subgroup of H§ t (X, Z^(l)) coincides with NS(X)(£), cf. 
[21 Sect. 2.2]. In particular, if I does not divide the order of the torsion subgroup 
of NS (X), then H? t (X, Z £ (l)) is a free Z r module of Unite rank. 

I. 4. Products of varieties. Let X and Y be smooth, projective and geometrically 
integral varieties over k. We have the natural projection maps 

tt x : X xY ^ X, Try : X x Y -> K 

We denote by the same symbols the projections X x y — > X and X x Y — > F. 
Fixing fc-points xo € and yo G F(fc), we define closed embeddings 

ij w :I = Ix!/ ^1xF, tfe : Y = x x F ^ X x F. 

Then nxQy = idy and ttyQx = idy- On the other hand, 

"VOWPO = 2/o C y, 7r x « IO (y)=a;oCl. 

Let J 7 be an etale sheaf defined by a commutative fc-group scheme, see [U Cor. 

II. 1.7]. For example, T can be the sheaf defined by the multiplicative group G m , 
or by the finite k- groups Z/n or fi n , where n is not divisible by the characteristic 
of k. The induced map ir x : W 6t (X, J 7 ) — > H| t (Jf x F, J 7 ) is a homomorphism of T- 
modules, whereas q* a : H^ t (Xxy, F) — > H| t (F, J 7 ) is a priori only a homomorphism 
of abelian groups. If xq G X{k), then g* o is also a homomorphism of T-modules. 

The next proposition easily follows from definitions and the above considerations. 

Proposition 1.5. For any i > 1 we have the following statements. 

(i) The induced maps 

ir* x : Ei t (X, T) B^(X xY,T),tt* y : H| t (F, J) H| t (X x F, J) 

are injective homomorphisms ofT-modules. 

(ii) TTie induced maps q* o and q* o define isomorphisms of abelian groups 

q* : n x (Kl t (X,F)) -> H^X,^), g* o : 7r y (H| t (F, J)) ~> H| t (F, J 7 ). 
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(iii) The subgroup 7r^-(H| t (X, T)) lies in the kernel of 

and, similarly, iXy (H*(Y, J 7 )) lies in the kernel of 

5 ;:H; t (XxF,J)^Hj t (I,J). 

Hence we have ir* x {W &t {X, J")) n ?rf (H| t (F, T)) = 0. 

(iv) The map (a, 6) i— > ir x {a) + 7Ty(6) defines an infective homomorphism of 
V -modules 

H| t (X, JP) © Hl t (F, J") -y Hl t (X xF,J). 

1.6. Picard groups of products of varieties. We identify Pic (X) © Pic (Y) 

with its image in Pic (A x Y). It is well known that 

Pic°(A xF) = Pic°(A) ©Pic°(F). 

Let A be the Picard variety of X, and let B be the Picard variety of Y. The dual 
abelian variety A 1 of A is the Albanese variety of X. When X(k) ^ 0, the choice 
of a point xq £ -A(fc) defines a morphism Alb^ : A — > A* that sends xo to 0. The 
pair (A* , Alb^ ) can be characterized by the universal property that any morphism 
from X to an abelian variety A' that sends xq to is the composition of Alb^ and 
a morphism of abelian varieties A* —> A'. See [TO], [I] for more details. It is clear 
that the Albanese variety of A is A*. 

Proposition 1.7. We have a commutative diagram ofT-modules with exact rows 
and columns, where the exact sequence in the bottom row is split: 



1 I 
A(k)®B(k) = A(k)®B(k) 

_ I _i 

Pic (A) © Pic (Y) Pic(AxY) Hom(B*,A) -> 

_ + J L_ 

NS(A)ffiNS(T) -> NS(AxF) -> Hom(B',A) -> 

| 1 


// (A x Y)(k) ^ 0, i/ien i/ie e:raci sequence in the middle row is also split. 

Proof. Choose a /c-point (xo,yo) in A x Y, and let P Xo ,y De the kernel of the 
group homomorphism 

Pic (A x F) -> Pic (A) © Pic (F), L m- (g^L, g* L). 

Let N X0! y be the image of P Xo , Vo in NS (A x F). By Proposition II .51 the intersec- 
tion of P Xo ,yo with Pic (A) © Pic (F) inside Pic (A x Y) is zero, hence the natural 
surjective map Px ,y ~^ N Xo>ya is an isomorphism of abelian groups. 
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For any L 6 Px ,y Q we have q* g L = 0, hence q*L £ Pic°(X) for any y G Y{k). 
Thus N Xo ^ yo is the kernel of the group homomorphism 

NS (1x7)4 NS (X x y) © NS (a; x F) 

for any x 6 X(fe) and y € ^(fc). In particular, N Xom does not depend on the choice 
of (xo, yo), so we can drop xo and j/o> and write N = N X(itVo . It follows that N is a 
Galois sub-module of NS (X x Y), so that we have a decomposition of P-modules 

NS (X x F) = NS (X) © NS (F) © N. 

It remains to show that T- modules N and Hom(_B*, A) are canonically isomorphic. 

The Poincare sheaf Vx on A* x A is a certain canonical invertible sheaf that 
restricts trivially to both {0} x A and A 1 x {0}, see [10], [7]. Every morphism of 
abelian varieties u : B — > ^4 gives rise to the invertible sheaf (Aib^jii Albj (0 )*(7 :) x) 
on X x Y, whose isomorphism class is in P Xo , yo - It is well known that this defines 
a group isomorphism 

(6) Kom(B\A)^P Xom . 

The Poincare sheaf is defined over k so from ([6]) we deduce a canonical isomorphism 
of T-modules Hom(i? t , A)^^-N . The last statement of the proposition is clear: it 
is enough to choose (xo,j/o) £ (X x Y){k). QED 

The following corollary is well known. See Proposition l2.2l below for a topological 
analogue. 

Corollary 1.8. Let n be a positive integer not divisible by char(/c). Then we have 
a canonical decomposition ofT-modules 

(7) Hlt(X x F, fj, n ) = Ri(X,f, n ) ffiHi(F,/i n ). 

Proof. The middle row of the diagram of Proposition II .71 gives an isomorphism of 
T-modules Pic (X) n © Pic (Y) n and Pic (X x Y) n . It remains to use the canonical 
isomorphism (fTJ. QED 

Remark 1.9. The abelian group Hom(_B t , A) is finitely generated and torsion-free, 
hence H 1 (k,Hom(B t ,A)) is finite. It follows that the cokernel of the natural map 

H^PicpT)) ©H 1 (fc,Pic(F)) — > H 1 (fc,Pic(X x F)), 
and the kernel of the natural map 

H 2 (fc,Pic(X)) ffiH 2 (/c,Pic(F)) — > H 2 (fc,Pic (X x F)) 
are both finite. 
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2. KUNNETH DECOMPOSITIONS 

2.1. Kiinneth decomposition with coefficients in a field. We continue to 
assume that X and Y are smooth, projective and geometrically integral varieties 
over k. Let I ^ char(fc) be a prime. We have the Kiinneth decomposition of 
T-modules 

H 2 t (X x Y,Qe) = H? t (X,Q £ ) ©H 2 t (F,Q £ ) © (H| t (F, Qt) ® Qf Kl t (X,® e )), 

see [H Cor. VI. 8. 13]. From ([3]) we have a canonical isomorphism 

Kl t (X,®t(l)) = Ve(A). 

When n is a positive integer coprime to char(fc), the non-degeneracy of the Weil 
pairing gives rise to a canonical isomorphism of Galois modules B n — Hom(_B* l7 /i„), 
and hence to a canonical isomorphism 

Ri(Y,Q e ) = V e (B)(-l) = Rom^ e {V e (B%Q e ). 

Therefore we have an isomorphism of T-modules |17i p. 143] 

Hjt (F, Qi) Hl t (X,Qt(l)) = Hom«j, (Vt{B%V t {A)\ 

and hence a decomposition of Galois modules 

(8) H| t (X x F, Q,(l)) = H c 2 t (X, Qt(l)) © H c 2 t (F, Qi(l)) © Homjj^ (Vi (B f ) , Vi (A) ) . 

Our next result, Theorem 12.61 is probably well known to experts; we give a 
proof as we could not find it in the literature. As a motivation and for the sake of 
completeness we present a similar result for CW-complexes (we shall not need it in 
the rest of the paper). 

Proposition 2.2. Let X and Y be non-empty path- connected CW-complexes. For 
any commutative ring R with 1 we have canonical isomorphisms of abelian groups 

H 1 {X xY,R) = H 1 {X, R) © H 1 (Y, R) 

and 

H 2 (X xY,R) = H 2 (X, R) © H 2 (Y, R) © (H 1 (X, R) <g> R H 1 (Y, R)) . 

Proof. To simplify notation we write H n (X) for H„(X, Z). The universal coeffi- 
cients theorem [6] Thm. 3.2] gives the following (split) exact sequence of abelian 
groups 

(9) -> Ext(H„_i(X), R) -> R n (X, R) -> Hom(H„(X), R) -> 0. 

Since X is non-empty and path-connected we have Ho(X) = Z, see [51 Prop. 2.7]. 
This gives a canonical isomorphism 

(10) H^X, i?) = Hom(Hi(X), R). 
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The Runneth formula for homology is 

n n—1 

0^0 (Hj(X) ® H n _i(F)) -)■ H„(X x Y) Tar(Hi(X), H„_i_;(Y)) -> 0, 

i=0 i=0 

see [6l Thm. 3.B.6]. We deduce from it canonical isomorphisms 

(11) Ei(X xY) = H 1 (X)eHi(F) 
and 

(12) H 2 (X x Y ) = H 2 (X) © H 2 (Y ) © (Hi (X) ® Hj (Y)) . 

Our first isomorphism follows from (|T0l) and (fTTj) . 

The exact sequence © for n = 2 gives rise to the following commutative diagram 

-> Ext(Hx (X) © Hi ( Y) , R) -> H 2 (X, i?) © H 2 (Y, i?) Hom(H 2 (X) © H 2 (Y), i?) -> 

t t t 

-> Ext (Hi (X x Y),i?) -> H 2 (XxY,i?) -4 Hom(H 2 (X x Y), R) -> 

By (jlip the left vertical arrow is an isomorphism, hence the kernels of the other two 
vertical arrows are isomorphic. Hence, by (|12l) . the kernel of the middle vertical 
map is isomorphic to Hom(Hi(X) © Hi (Y),R), which by (flU)) is isomorphic to 
H^X,^) ® fl H^Yi?). Moreover, H 2 (X,i?) and H 2 (Y,i?) are direct factors of 
H 2 (X x Y, R), so our second isomorphism follows. QED 

Remark 2.3. Let X = MP 2 . Then H X (X) = Z/2 and H„(X) = for n > 2. From 
the universal coefficients theorem © we obtain H 1 (X, 1) — 0, H 2 (X, Z) = Z/2 and 
H n (X, Z) = for n > 3, cf. 6, Ex. 3.9]. Combining the calculation of homology of 
X 2 in [6, Ex. 3.B.3] with the universal coefficients theorem we obtain 

3 

H 3 (X 2 ,Z)=Z/2 ^ (H l (X,Z) © H 3 ^(X,Z)). 

i=0 

This shows that Proposition ^. 21 does not generalise to the third cohomology group, 
at least when R = Z. 

2.4. The type of a torsor. After this digression into algebraic topology we return 
to smooth, projective and geometrically integral varieties X and Y over a field fc. 
We now introduce some notation. Let Sx be the finite commutative fc-group of 
multiplicative type whose Cartier dual Sx '■= Homj._ gr {Sx, G rn ) is 

S x = B.l t (X,ti n ) =Pic (X) n . 

Then we have a canonical identification 

(13) Hom(&r,Z/n) = H^X, Z/n). 

For any finite fc-group scheme G of multiplicative type annihilated by n we have a 
canonical isomorphism, functorial in X and G: 

t q : Hi t (X,G)-^Hom(G,Pic(X)) = Hom(G,5 x ), 
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see [HI Cor. 2.3.9] (this uses the assumption that X is projective and connected, 
and so has no non-constant invertible regular functions). It can be defined via the 
natural pairing 

(14) Hl t (X,G) xG^Kl(X,Hn) = S x , 

see [131 Section 2.3]. If Z/X is a torsor under G, then the associated homomorphism 
tg(Z) : G — > Sx is called the type of Z/X. If we take G = Sx, then there exists 
a torsor T-^/X under Sx, unique up to isomorphism, whose type is the identity 
map. Thus there is a well defined class [7y] S Hi t (X, Sx)- This class can be 
used to describe r^ 1 explicitly. For ip G Hom(G, Sx) let <p E Rom(Sx,G) be the 
homomorphism that corresponds to ip under the identification 

Hom(G, Sx) = Rom(S x ,G). 

The functoriality of tq in G implies that Tq (<p) is the push- forward ^*[7x]: which 
can also be defined as the class of the X-torsor (7y X& G)/Sx- 
If we take G = Sx in (|14[) we obtain a natural pairing 

H| t (X, S x ) xS x ^ H| t (X,/i„) = S x . 

The definition of 7V implies that pairing with the class [TV] gives the identity map 
on Sx- After a twist we obtain a natural pairing 

Ui(X,Sx) x Hi t (X,Z/n) -> Hl t (X,Z/n); 

moreover, pairing with [7y] gives the identity map on H| t (JC, Z/n). 

Remark 2.5. There is a natural cup-product map 

P4(X, S x ) ® Hl t (F, Sy) — ► H? t (X x F, S x <g> Sy). 

Let us denote the image of [7y] © [7y] by [7^] U [7y] • From (fl3|) we obtain a natural 
pairing 

H|t(X xF,5x ®SV) x Hl t (X,Z/n) ®Hi t (F,Z/n) — > Hf t (X x F,Z/n). 

Since pairing with [7^] induces identity on H| t (JC,Z/n), and similarly for Y, we 
see that pairing with [7^] U [7^-] gives the cup-product map 

U : Hi(Z,Z/n)<g>r4(F,Z/n) -> H? t (X x F,Z/rc). 

Theorem 2.6. Lei n 6e a positive integer coprime to char(fc). Then the homomor- 
phism ofT-modules 

Z/n) © H c 2 t (F, Z/n) © (f4(X, Z/n) ® I&(Y, Z/n)) — > H 2 t (Y x F, Z/n) 

given by ir x on the first factor, by on the second factor, and by the cup-product 
on the third factor, is an isomorphism. 
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Proof. It is enough to establish this decomposition at the level of abelian groups. 
Choose xo € X(k), yo £ Y(k). Using the notation of Section [L4l we define 

H|(IxF ( Z/n) prira - Kev[(q* yo ,q* Xo ) : H? t (XxF,Z/n) -> ^(X, Z/n)eH? t (F, Z/n)]. 

The etale (or Zariski) sheaf R q irx* (Z/n) is the constant sheaf associated with the 
finite abelian group H? t (V, Z/n) (for example, by the proper base change theorem 
[H Cor. VI. 2. 3]). Thus we have the following Leray spectral sequence 

(15) E™ = Hf t (X, H4(F, Z/n)) => U^(X x F, Z/n). 

We have seen in Proposition [T75] that the maps n x and tt y make the abelian groups 
H^(X,Z/n) and H™(F,Z/n) direct factors of H™(X x F,Z/n), for all m > 1. By 
the standard theory of spectral sequences this gives a canonical isomorphism 

P : R%(X x F, Z/n) prim ^ Hi t (X, H| t (F, Z/n)). 

Taking G = 5V in (fT3|) we get an isomorphism r§ : Hl t (X, ,5y)^-KEIoni(Sy, Sx)- 
Using (|13p . after a twist we obtain an isomorphism 

r : P4(X, Hi t (F, Z/n)) H^X, Z/n) 8> H*(F, Z/n). 

This gives some isomorphism as in the statement of the theorem. To complete the 
proof we need to check that for any x € Hl t (X,Z/n) and any y S Hl t (y,Z/n) we 
have 

lUi/^^V^fj;®!/). 

We have seen above that r _1 (a; <g> y) is the push- forward of [7V] by the map 
S'x — > Hom(Sy, Z/n) defined by 

x ® y 6 YL\ t (X, Z/n) <g> H| t (F, Z/n) = Hom(S* x ® S Y , Z/n). 

In other words, r _1 (x®y) is obtained by pairing [75f] with x®y. In view of Remark 
12.51 in order to finish the proof, it remains to check that /3 _1 can be described via 
the pairing 

f4(X,Hom(Sy,Z/n)) x I&(F,Sy) — ► H 2 t (X x F,Z/n), 

namely, as pairing with [7y]. This calculation is more or less standard, cf. |13[ 
Thm. 4.1.1] or, more recently, [H Thm. 1.4]. 

Let us write T>(Z) for the bounded derived category of etale sheaves of abelian 
groups on a variety Z. Let Hirx* '■ T>(X x Y) — > T>(X) be the derived functor of wx- 
Let p : Y — > Spec(fc) be the structure morphism, and let Rp» : V(Y) — > £>(Ab) be 
the corresponding derived functor to the bounded derived category of the category 
of abelian groups Ab. Each of these derived categories has the canonical truncation 
functors r< TO . We need to recall the definition of the type map of a group G of 
multiplicative type, see |13l Section 2.3]. This is the composed map 

(16) Hi t (F,G) -> Ebrt 1 (6,T<iRp»G m ) -»• Hom(G, Pic (F)). 
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The Horn- and Ext-groups without subscript are taken in Ab or X>(Ab). The second 
map in f| 16[) is induced by the obvious exact triangle in 2?(Ab) 

k* -y r<iRp*G m (PicF)[-l], 

where we used the facts that H9 t (Y, G m ) = k*, since Y is reduced and connected, 
and H| t ("K, G m ) = Pic(Y). To define the first map in ([T6|) consider the local-to- 
global spectral sequence of Ext-groups 

E™ = Hf t (F, £xt T (G, G m )) =► Ext^(G, G m ). 

It completely degenerates since £ xty(G, G m ) = for q > 1, thus giving an iso- 
morphism H? t (F, G)— ^Ext^G, G m ) [SI Lemma 2.3.7]. It remains to use the 
identities 

Ext^(G, G m ) = Ext 9 (G,Rp*G m ) - Ext 9 (G, <r< g Rp*G ro ) 

stemming from the fact that RHoniy (p*G, ■) = RHom(G, R/?*(-)). When G is 
annihilated by n, the image of the type map lies in Hom(G, (PicY) ra ), and thus tq 
can be written as the composition of the maps 

Hi t (F,G) -> Ext 1 (G,T<iRp,/*«) -»• Hom(G, (PicF)„). 

We claim that these maps fit into the following commutative diagram of pairings: 

Ri(X,G) x Hl t (F, G) -> 4(IxF,^„) 

i + 1 

Hi t (X,G) x Ext^G^^iR^/Xn) -»• H2 t (X,T<iR7Tx*Mn) 

i + _ + 

H| t (A,G) x Hom(G,(PicF)„) -> H| t (X, (PicY) n ) 
The first pairing is induced by the obvious pairing 

tt* x G x nomy(npG,[i n y) — > M„,Xxy> 

by taking cohomology of X, Y, X x F, respectively. If instead of R 1 p^(Homy(-, •)) 
we consider fl 1 (p»'Homy)(',') we get the second pairing. This explains the com- 
patibility of the two upper pairings. The third pairing is the natural one, so that 
the compatibility of the two lower pairings is clear. 

Now take G = Sy, so that G = (Pic Y) n . By pairing with \Ty\, after a twist we 
obtain a map 

7 : R 1 6t (X,R 1 (Y, Z/n)) -> H? t (A x F,Z/n), 
which factors through the injective map 

P4(A, t<iR7Tx *Mn) -> H 2 t (A x F, Z/n). 

Since k is separably closed we have Hl t (y ,G) = Hi t (fc,G) = 0, so that g* o 7 = 0. 
A similar argument gives q* j = 0, thus Im(7) C H? t (A x Y, Z/n) pr i m . By the 
standard theory of spectral sequences the map /3 is obtained from the right hand 
downward map in the diagram (after a twist). Since the type of ly is the identity in 
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Hom((Pic Y) n , (Pic Y) n ), the commutativity of the diagram implies that j3j = id. 
QED 

Corollary 2.7. Let n be a positive integer coprime to char(fc), |NS(X)t rs| an d 
|NS(y)tors|- Then we have a canonical decomposition oj T -modules 

(17) H 2 t (X x F, /i„) = H 2 t (X , M „) © H 2 t (F, Mn ) © Hom(B* , A n ). 

Proof. For any prime I dividing n we have NS(X)(£) = and NS(F)(£) = 0. 
Thus from the isomorphism (JT]) and the exact sequence ([2]) we obtain canonical 
isomorphisms 

H| t (X, Hm ) = A t m , Hl t (F, Wm ) = Ben , 
for any m > 1 . From the non-degeneracy of the Weil pairing we deduce a canonical 
isomorphism of r-modules 

H^Z/f") = B £m (-1) = Hom(S| m ,Z/r n ). 

We conclude that the Galois modules rF} t (F, Z/l m )®Kl t (X, /^m ) and Eom(Bj m , A £m ) 
are canonically isomorphic. Hence, after a twist by \x n , the isomorphism of Theorem 
El can be written as ([I?). QED 

2.8. First Chern classes. Let £ be a prime different from char(fc). Tensoring ([5]) 
with Qg we obtain the following exact sequence of r-modules 

(18) -> NS (Z) © -> H? t (Z,Q,(l)) y £ (Br(Z)) -)• 0, 

The injective maps from (j!8[) and Q are both called t/ie /irsi Chern class maps 
(see, e.g., [8], VI.9): 

Cl : NS(X) ® Q £ H? t (X,Q,(l)), cj : NS(X)/£ m H? t (X,^ m ). 
Proposition 1 1 . 71 gives a natural isomorphism of Galois modules 

NS (X x F) = NS (X) © NS (F) © Hom(B*, A). 
Since the maps ci and c~i are functorial in X, we see that the map 

ci :NS(IxF)®Q^ H? t (X x F,Q^(1)) 
forms obvious commutative diagrams with the maps 

ci :NS(X)©Q, ^H? t (X,Q*(l)), C! :NS(F)®Q, ^H 2 t (F,Q,(l)), 
ci : Hom(B*,3) ® Hom Q ,(^(S t ), V e (A)). 

Similarly, for I coprime to char(fc), |NS (X) toIS \ and |NS (F) tors |, the map 

ci : NS (X x F)/r l ^ H? t (X x F, 
forms similar commutative diagrams with the maps 

C! : NS (X)/r H 2 t (X , C! : NS (F)/f™ H c 2 t (F, 

ci : Hom^^IJ/r Hom^.A^) = H| t (F, Z/f") © H| t (X, 
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2.9. Brauer groups of products of varieties. Let £ be a prime different from 
char(/c). Applying (fT8f to X, Y and X xY, using ([SJ and the compatibilities from 
Section we obtain the following decomposition of Galois modules: 
(19) 

V ( (By(XxY)) ^V e (Br(X))®VdBi(Y))®(Rom Qe (V e (B t ),V e (A))/Rom(B\A)(g,Qe)- 

When £ is also coprime to |NS(X) tors | and |NS(F) tors |, we apply dU to X, Y 
and X x Y, and obtain from Corollary 12.71 and Section 12.81 the decomposition of 
T-modules 

(20) Br(A x Y) em = Br(X) £m ® Br(F) £m ® Hom(B^ m ,^ m )/(Hom(S < , A)/^ m ). 
The case when X and Y are elliptic curves was considered in |15[ Prop. 3.3]. 

3. Proof of Theorem A 

The proof of Theorem A crucially uses the following properties. Let C and D be 
abelian varieties over a field k finitely generated over its prime subfield, char(fc) ^ 2. 
Then 

(1) the L-modules Ve(C) and Vg(D) are semisimple, and the natural injective map 

Hom(C,L>) ®Qi Homr(VHC), V e {D) 

is bijective; 

(2) for almost all primes £ the T-modules Ci and Di are semisimple, and the natural 
injective map 

Hom(C, D)/£ ^ Hom r (Ce, D e ) 

is bijective. 

Statement (1) was proved by the second named author in characteristic p > 2 
[19l[20], and by Faltings [2j[3] in characteristic zero. Statement (2) was proved by 
the second named author in [3TJ Thm. 1.1] and [551 Cor. 5.4.3 and Cor. 5.4.5], see 
also QJ Prop. 3.4], [Ml Thm. 4.4], [23] and [25]. 

Theorem A is a consequence of the following result. 

Theorem 3.1. Let k be a field finitely generated over its prime subfield. Let X 
and Y be smooth, projective and geometrically integral varieties over k. Then we 
have the following statements. 

(i) //char(fc) = 0, then [Br(X x F)/(Br(T) © Br(F))] r is finite. 

(ii) //char(fc) = p > 2, then the group [Br (A x F)/(Br(X) © Br(F))] r (non-p) 
is finite. 

Proof. Since Br(A x Y) is a torsion group, it is enough to prove these statements: 
(a) If £ is a prime, £ ± char(/c), then ^((Br(A x F)/(Br(A) © Br(F))) r ) = 0. 



14 ALEXEI N. SKOROBOGATOV AND YURI G. ZARHIN 

(b) For almost all primes £ we have (Br(X x Y)i/{Bt{X)i © Br(Y) £ )) = 0. 

Let us prove (a). Using fp~9|) we obtain 

V t {{Bv(X x F)/(Br(Z) © Br(F))) r ) = 

V^BrpT x F)/(Br(X) © Br(F))) r = 

(^(Br(X x F))/(^(Br(X)) © V,(Br(F)))) r = 
(Hoiiiq, ^(A))/Hom(^,3) ® Q,) r . 

By a theorem of Chevalley [TJ p. 88] the semisimplicity of T- modules Vi{B t ) and 
Ve(A) implies the semisimplicity of the F- module HomQ^ (Vg(B t ),Vg(A)). From this 
we deduce 

y,((Br(XxF)/(Br(X)©Br(F))) r ) = Hom r (^(B ! ), ^(A))/Hom( J B*, A) ®Q £ = 0, 

thus proving (a). 

Let us prove (b). By f|20|) it is enough to show that 

(Hom(^,^)/(Hom(B*,l)/£)) r = 0. 

Since Hom(_B t ,y4) r = Hom(_B*, A), the exact sequence 

-> Horn(B*,3) r /^ ->• (Hom(S*, A)/^) r ->• H 1 (fc, Hom(S*, A) ) 

implies that for all but finitely many primes £ we have 

(Uom(W, A)/^) r = Hom(S*,A)/£ 

If we further assume that £ > 2dim (A) + 2dim (£>) — 2, then, by a theorem of Serre 
|12j . the semisimplicity of the T-modules B\ and Ag implies the semisimplicity of 
Hom(i?|, At). Hence we obtain 

(Hom(B|,yl £ )/(Hom(B T ,A)/£)) r = Hom(Bj, A £ ) r /(Hom(B T , A)/£) r = 
Rom r (B t i ,A e )/(Eom(B t ) A)/£) = 0, 

thus proving (b). QED 

Corollary 3.2. Let k be a field finitely generated over its prime subfield. Let X 
and Y be smooth, projective and geometrically integral varieties over k. Then we 
have the following statements. 

(i) Assume char(fc) = 0. The group Br(X x Y) T is finite if and only if the groups 
Br(X) r and Br(y) r are finite. 

(ii) Assume that char(fc) is a prime p > 2. The group Br(X x y) r (non— p) is 
finite if and only if the groups Br(X) r (non— p) and Br(y) r (non— p) are finite. 
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4. Proof of Theorem B 

It is enough to prove the following statements: 

(a) The subgroup of Br(X x Y) generated by Bti(X x Y) and the images of Br(X) 
and Br(y), has finite index. 

(b) The cokernel of the natural map Bti(X) © Bvi(Y) — > Bri(X x Y) is finite. 
Each of these statements formally follows from Theorem A, the functoriality of 

the Hochschild-Serre spectral sequence 

(21) E™ = W(k, H| t (X, G m )) =► B^(X, G m ) 

with respect to X, and the finiteness property stated in Remark II .91 

Let us recall how (|2"Tj) is usually applied. If X(k) ^ 0, then the canonical map 

E 3 2 <° =H 3 (k,k*)^Hl(X, G m ) 

has a section given by a fc-point on X, and hence is injective. The same is obviously 
true if H 3 (fc, k*) — 0. The standard theory of spectral sequences now implies that 
the kernel of the canonical map 

E°' 2 = Br(X) r -> E 2 ' 1 = H 2 (fc,Pic(X)) 

is the image of Bi(X) in Br(X) r . 

Let us prove (a). By functoriality of the spectral sequence (f2~Tj) we have the 

following commutative diagram with exact rows: 

Br(X xY) Br(X x F) r H 2 (fc, Pic (X x ¥)) 

t _ t _ _ t _ 

Br(X)©Br(y) -» Br(X) r © Br(F) r -)■ H 2 (fc, Pic (X)) © H 2 (fc, Pic (F)) 

Note that the middle vertical map here is injective. To prove (a) we must show 

that the image of Br(X) © Br(Y) in Br(X x F) r has finite index in the subgroup 

of the elements that go to in H 2 (fc, Pic (X x Y)). This follows from Theorem 13. II 

(i) and Remark ll.9l 

To prove (b) we consider another commutative diagram with exact rows, also 
constructed using the functoriality of the spectral sequence (|2"Tj) : 

Br(fc) Bri(Jfxy) H^fc, Pic (X x F)) 

t _ t 

Bri(Z) ©Bri(F) -> H 1 (fc, Pic (X)) © H^fc, Pic (Y)) 

Statement (b) follows from this diagram and Remark 11.91 

5. Proof of Theorem C 

The inclusion of the left hand side into the right hand side follows from functori- 
ality of the Brauer group. Thus we can assume that X(Afc) Br and y(Afc) Br are not 
empty. Since the Brauer group of a smooth projective variety is a torsion group, 
to prove the opposite inclusion it is enough to show that for any positive integer 
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n the subgroup Br(X x Y) n is generated by the images of Br(X)„ and Bi(Y) n , 
together with some elements that pair trivially with X(Afc) Br x Y(Ak) Br with re- 
spect to the Brauer-Manin pairing. The Kummer sequence gives a surjective map 
H? t (X x Y,/i n ) — > Br(X x Y) n , so it suffices to show that, modulo the images of 
H| t (X,//„) and H| t (y,/i„), the group Hf t (X x F,/i n ) is generated by the elements 
that pair trivially with X(A fc ) Br x F(A fe ) Br . 

If Z/X is a torsor under a fc-group of multiplicative type G annihilated by n, 
then the type of Z/X, as recalled in Section [2~4l is the image of the class [Z/X] 
under the composed map 

B.l t {X,G) ^Hi t (X,G) r -^Hom fe (G,Pic(X)) = Hom fe (G,Pic(X) n ). 

Recall that denotes the fc-group scheme of multiplicative type that is dual to 
the r- module Pic (X)„. 

Lemma 5.1. If X(Ak) Bl is not empty, then there exists an X-torsor under Sx 
whose type is the identity map on Sx- 

Proof. One of the main results of the descent theory of Colliot-Thelene and Sansuc 
says that if X(Afc) Br ^ 0, then for any homomorphism of r-modulcs G — > Pic (X) 
there exists an X-torsor under G of this type, see [T31 Cor. 6.1.3 (1)]. QED 

Let us choose one such X-torsor under Sx, and call it Tx- (It is unique up to 
twisting by a fc-torsor under Sx-) Then Tx is isomorphic to the X-torsor T% from 
Section [5J As in Remark 12.51 we form the class 

[Tx] U [T Y ] G Hf t (X x Y, S x ® Sy). 

Pairing with it gives a map 

e:Hom k (S x ®S Y ,H n ) = Kom k (S x ,S Y ) — > H? t (Xxy, M „). 

For tp e Homfc(S'x, Sy) we can write s(ip) = (p*[Tx] U [7y], where U stands for the 
cup-product pairing 

B.l t (X,S Y ) x Rl t (Y,S Y )^Rl(X x Y, fi n ). 

Remark 12.51 gives a commutative diagram 

Honifc (S x ,S Y ) H| t (X x Y, /x n ) 

(22) || _i_ 

(Hi t (X,Z/n)®Hi t (F, M „)) r A 4(Ixy i/ln ) r 
It is clear that Theorem C is a consequence of Lemmas 15.21 and 15.31 below. 

Lemma 5.2. We have H? t (X x Y, fj, n ) = 7r^H? t (X, fj, n ) + 7r y H? t (y, //„) + Im (e). 
Lemma 5.3. For any positive integer n we have the inclusion 

X(A fe ) Bri W["] x y(A fe ) Bri(r)W c (X x y)(A fe ) Im ( £ ). 
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Proof of Lemma 15.21 We use the spectral sequence 

(23) = W(k,Ui t (X^n)) => H^(X,„„). 

Let us make a few observations in the case when X is a smooth, projective and 
geometrically integral variety over a number field k such that X(Ak) ^ 0- The 
canonical maps 

E p 2 '° =RP(k^ n )^Rl(X^ n ) 
are injective for p > 3. Indeed, for such p the natural map 

W(k,M) -> HP(fc„,M) 

is a bijection for any finite Galois module M, see [9J Thm. 1.4.10 (c)]. Next, the 
natural map W(k v , M) — > H? t (X Xkk v , M) is injective for any p since any fctj-point 
of X defines a section of it. It follows that the composite map 

W(k,M) -> Hg t (X,M) -> H| t (X x fc fc„,M) 

is injective, and this implies our claim. We note that 

£ 2 2 '°=H 2 (fc,/i„)^H? t (X, M „) 

is also injective. The argument is similar once we identify H 2 (fc, fi n ) = Br(k) n using 
the Kummer sequence and Hilbert's theorem 90, and use the embedding of Br(fc) 
into the direct sum of Br(fc 1I ), for all completions k v of k, provided by global class 
field theory, together with the existence of k v -points on X for every place v. This 
implies the triviality of all the canonical maps in the spectral sequence whose target 
is = IP(fc,/i„) for p > 2. 

Let us write H? t (X, for the quotient of H| t (X, /j, n ) by the (injective) image 
of H 2 (fc,/i„). Using the above remarks we obtain from (|2"3")l the following exact 
sequence: 

(24) H^fcX^.^)) H 2 t (X, M „) -> H c 2 t (X,/.„) r -> H 2 (fc,Hl t (X, Mn )). 

There are similar sequences for Y and X x Y linked by the maps tt^- and n Y - 
Let us define 

U = n* x R 2 6t (X, fi n ) + ir Y R 2 6t (Y, M „) + Im (e) C H c 2 t (X x F, M „). 

It is clear that the (injective) image of H 2 (fc,/i„) in H? t (X x Y, /i n ) is contained 
in H, so to prove Theorem C it is enough to prove that the natural map H — > 
H? t (Jf x Y,fi n ) is surjective. 

By © the image of H^fc, H| t (X x F, /z n )) -> H? t (X x F, is contained in 
In view of (|24p it remains to show that every element of the kernel of the map 

H|(X x F,^„) r -> H 2 (fc,H c i t (X x F,/i„)) 
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comes from H. By Theorem 12.61 and ([?]) this map can be written as 

H 2 t (Y, ^„) r ©H? t (F, M „) r eHom fe (5x, S Y ) — > H 2 (fc, M ™))®H 2 (fc, Hg t (F, /,„)) 

By the commutativity of the diagram (|22p for any G Hom/ c (S'x, Sy), the element 
e(<p) € H? t (X x Y>„) maps to 

^Hom(Sx,5y) r c4(Ix?, /J „) r . 

This implies that for any a G H? t (X xy,/i„) there exists an element b G % such that 
the image of a ~ b in H 2 t (X x Y, fi n ) r is 7T^(:c) + ir Y (y) for some x G H? t (X, /^„) r 
and y G Hf t (Y, (i n ) . From the exact sequence (IM|) for X x Y we see that tt x (x) + 
7Ty(y) goes to zero in H 2 (fc, Hj t (X, /x„)) © H 2 (/c, H» t (Y, hence x goes to zero 
in H 2 0,H] t (X, /x n )), and y goes to zero in H 2 (fc, H| t (Y, //„)). By ([24]) for X we 
see that a; is the image of some c G H 2 t (X, /i„). Similarly, y is the image of 
some d G Hf t (Y~, /i„). This proves that a — (6 + 7r^(c) + 7iy(d)) goes to zero in 
H? t (X xF,/j„) r , and hence belongs to H. Thus a G U. QED 

Proof of Lemma [5731 Let M be a finite T-module such that nM = 0. Let M D 
be the dual module Hom(M, k*). If v is a non-archimedean place of k, we write 
Yi\ r (k Vl M) for the unramified subgroup of H (fc„,M). By definition, it consists 
of the classes that are annihilated by the restriction to the maximal unramified 
extension of k v . We write P 1 (k, M) for the restricted product of the abelian groups 
~H}(k v , M) relative to the subgroups H^ r (fct,,M), where v is a non-archimedean 
place of k. By [9j Lemma 1.4.8] the image of the diagonal map 

E l (k,M) -> J] H^fco.M) 

all u 

is contained in P 1 (k, M). Let us denote this image by U 1 (k, M). 

The local pairings H 1 (fc t> , M) x H 1 (fc t> , Af D ) — > H 2 (fct,, /j, n ) give rise to the global 
Poitou-Tate pairing 

( , ) : P 1 {k,M) x P 1 {k,M D ) — > Z/n. 

It is a perfect duality of locally compact abelian groups, moreover, the subgroups 
U 1 ^, M) and U l (k, M D ) are exact annihilators of each other [9j Thm. 1.4.10 (b)]. 

Let (p G Homk(Sx , Sy)- Let (P v ) G X(Af.) be an adelic point that is Brauer- 
Manin orthogonal to Bri(X)[n], and let (Q v ) G Y(Ak) be an adelic point orthogonal 
to Bri(Y)[n]. The Brauer-Manin pairing of the adelic point (P v x Q v ) with the 
image of e((p) = p*{Tx] U [Ty] in By(X x Y) is given by the Poitou-Tate pairing, 
so to prove Lemma l5.3l we need to show that 

(25) ^[Tx](Pv),[Ty](Qv))=Q, 

where in the above notation M = Sy, M = Sy. We point out that for any 
a G H^SV) we have a U [Ty] G Bn(F)[n], and hence (a, [Ty](Qv)) = 0. If 
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an element of P 1 (k, Sy) is orthogonal to U 1 (k, Sy), then it belongs to U 1 (k, Sy). 
Therefore, we must have 

(26) [Ty]{Q v ) e U^-fcSy). 

Similarly, for any b £ H 1 (fc, Sy) we have y*[73c] U b e Bri(X)[n], and hence 
(9*[T~x](P,-)<b) = 0. Since every element of P 1 (k,Sy) orthogonal to U 1 (k.Sy) 
belongs to U 1 (k, Sy), this implies 

(27) <P*[Tx](Pv) G U\k,S Y ). 
Now (J26]) and $ZT$ imply flU). QED 
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